Abstract-We present numerical studies of the electromagnetic wave propagation in a metamaterial built from dielectric rods. The rods were arranged in a quasicrystalline lattice based on 10-fold Penrose tiling. We find wide isotropic band gaps and localized states, as expected in a quasicrystalline lattice. Our most important finding is the presence of the band gap edge states that are characterized by a very small refractive index (fast light). We use this phenomenon to design a focusing device -a plano-concave lens.
INTRODUCTION
Photonic crystals and metamaterials attract much interest due to their ability to manipulate light in unique ways that are impossible to achieve using uniform materials. For periodic crystals, the highest level of rotational symmetry does not exceed six, therefore it is almost impossible to avoid significant anisotropy in their electromagnetic properties. This anisotropy precludes wide omnidirectional band gaps. In contrast to periodic photonic crystals, quasicrystals have higher local rotational symmetry, hence their optical properties are more isotropic and they can exhibit wide omnidirectional band gaps [1] [2] [3] [4] [5] [6] . Previous studies of photonic quasicrystals focused mostly on localized states inside the band gap since this feature is crucial for lasing [7] [8] [9] [10] .
In this work, we study electromagnetic wave propagation through planar photonic quasicrystals and focus on the band gap edge states. In distinction to previous works [11] [12] [13] [14] that focused on the states with a low group velocity, we find propagating states with a very high phase velocity -fast light. We demonstrate how this phenomenon can be used for focusing with a plano-concave lens. So far, focusing with such device was thought to be associated with negative refraction [15] [16] [17] .
METHODOLOGY
Our seed structure is the 10-fold Penrose tiling shown in Fig. 1 . The dielectric rods are mounted in the vertices of this tiling. Fig. 1(c) shows that this arrangement indeed has 10-fold symmetry.
To simulate electromagnetic wave propagation through this array we used the software JCMsuite [18] that is based on a time-harmonic, adaptive, higher-order finite-element method. Our numerical model uses 520 dielectric rods arranged in a quasicrystalline lattice as shown in Fig. 1 . The rod diameter is d = 2.5 mm, the distance between the rods is a = 5.4 mm, in such a way that the filling factor is 0.2. The dielectric constant of the rods is r = 12 (this corresponds to Si). The size of the array is 160 mm × 80 mm and the plane wave impinges on the wide side of the array, whereas the electric field is parallel to the rod's axes. The model assumes transparent boundary conditions at all boundaries of the computational domain. Figure 2 shows electromagnetic wave transmission through our array. The incident T M wave propagates from top to bottom. We considered transmission at different incident angles. To this end the direction of propagation was kept fixed and the crystalline structure was rotated around the vertical axis located in the lower left corner of the model shown in Fig. 1 . The rectangular shape of the array was preserved.
RESULTS
Transmission plot demonstrates two band gaps: at 17-22 GHz and at 30-32.5 GHz. The band gap positions do not depend on the angle of incidence, as expected for quasicrystals. The band structure found in our work should be compared to that found in Ref. [6] who considered a quasicrystalline array of dielectric rods with almost the same sizes, symmetry and filling factor. The two works used different numerical methods: JCM software based on finite-element method (this work) as compared to direct solution of Maxwell equations using a plane wave method [6] . It is rewarding to observe that both works found a very similar band structure. We performed field mapping for several chosen frequencies in order to determine the shape of the wave front and to calculate the phase velocity. At the high frequency edge of the second band gap (Fig. 2, inset ) the electromagnetic wave propagating inside the array is characterized by especially long wave length. The long wavelength corresponds to a very high phase velocity (fast light). In what follows we studied this phenomenon in detail. Figure 3 shows spatial distribution of the magnitude and phase of the electric field for one of the frequencies exhibiting fast light. The phase distribution in the array is nearly uniform (Fig. 3(b) ), as if it were a standing wave. Fig. 3(c) indicates that the field magnitude exhibits a strong maximum inside the array suggesting that this is a localized resonant state.
In what follows we study transmission through the array in which there is one localized state. Fig. 4 shows that the transmission has a sharp, resonant dependence on frequency. The transmission at resonance is close to −3.5 dBm and the Q-factor is about 1000. Fig. 4 shows that the maximum field magnitude inside the array closely follows the transmission curve and this is an additional indication of the resonant transmission.
Our results suggest that the fast light is associated with the resonant transmission through one or several resonance states. Similar states were found in Refs. [6, 14, 20] . In particular, the Ref. [14] showed that the propagating states at the band gap edge evolve in abrupt way when the sample size is changed -a clear indication that these states are associated with transmission through localized states. This is very similar to resonant tunnelling through tunnel barriers in electronic transport in solids [21] .
The fast light phenomena can be used for device fabrication. To achieve focusing we constructed a plano-concave lens with the width 300 mm and the curvature R = 180 mm (Fig. 5) . The plane wave impinges on the plane side of the lens. Because of the very long wavelength inside the lens, the phase of the wave at the concave exit face remains the same (Fig. 5(b) ). Hence, this lens transforms the plane wave front of the incident wave to the wave front determined by the exit face of the lens. Fig. 3 (red line) . The arrow shows the frequency for which the field distribution in Fig. 3 has been obtained. A narrow transmission peak indicates resonant transmission. The blue circles denote the maximum field intensity inside the sample. Note the correlation between the transmission and the maximum field intensity inside the array. This face is curved hence the outgoing radiation is focused to a spot (Fig. 5(c) ). The intensity in the focus exceeds the intensity in the incident wave by a factor of ten. To estimate focal length we use the lens-makers equation for a plano-concave lens:
Since n ∼ 0, f ≈ R (see Fig. 5(c) ).
DISCUSSION
We observe fast light at the high frequency edge of the second band gap, but not at the edges of the first band gap. It was shown earlier [3, 6, 19] that the large omnidirectional band gap in quasicrystals is associated with the short-range electromagnetic interactions, while higher band gaps are associated with long-range interactions. Hence, it is not a surprise that the fast light (very long-range phase coherence) is observed in the second band gap and not in the first. So far, narrow beam focusing using quasicrystals was thought to be associated with negative refraction [13] although the later work [12] challenged this view and attributed focusing to short range interactions. In this work, we clearly demonstrate plane wave focusing by a quasicrystalline lens where focusing arises from the long-range interactions.
